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Outline of talk

Part I: What we did
• Intro to distributed optimization

• The methods analyzed

• The results

→ Aymeric

Part II: How we did it
• Lyapunov functions: our definition

• Defining the problem

• A bag of tricks

→ Daniel

These two parts are exactly as interesting.
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Part I: Distributed optimization

Finite sum minimization:

f (x) :=
1

n

n∑
i=1

fi (x)

f1 f2 · · · fn

Server

m
(1)
k

r
(1)
k

xk+1 = xk − η
n∑

i=1

∇fi (xk)
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Part I: Compressed GD (CGD)

→ First solution: compression

C compression operator, e.g.

1. Top1 coordinate

2. Quantization operator

f1 f2 · · · fn

Server
C1(∇f1(xk))

xk

xk+1 = xk − η
n∑

i=1

Ci (∇fi (xk))

⇝ Gauss Southwell - top Coordinate Gradient Descent.
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Part I: Classic error feedback (EF)

→ 2nd solut.: Error feedback (EF)

Motivation: keep track of the mistakes
made, and “retro-propagate them”.

m
(i)
0 = Ci (η∇fi (x0))

e
(i)
1 = Ci (η∇fi (x0))− η∇fi (x0)

m(i) = Ci (η∇fi (x0)+e
(i)
1 )

e
(i)
2 =

m(i) = Ci (η∇fi (x0)+e(i))

e(i) = Ci (η∇fi (x0)+e
(i)
0 )− η∇fi (x0)+e

(i)
0

f1 f2 · · · fn

Server
m

(1)
k

xk

xk+1 = xk − η

n∑
i=1

m
(i)
k

= xk − η

n∑
i=1

Ci (e(i)k +∇fi (xk))
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Part I: Modern error feedback (EF21)

→ 3rd solut.: Error feedback 21 (EF21)

Motivation: learn a control variate for each
client (d i

k)k,i , subtracted before compression

m
(i)
k = Ci (∇fi (xk)− d

(i)
k−1)

xk+1 = xk − η
n∑

i=1

(m
(i)
k + d

(i)
k−1)

= xk − η

n∑
i=1

d
(i)
k

d
(i)
k = d

(i)
k−1 +m

(i)
k = d

(i)
k−1 + Ci (∇fi (xk)− d

(i)
k−1)

f1 f2 · · · fn

Server

m
(1)
k

xk

Remark: EF and EF21 are different in “spirit”, but can be matched for linear operators.
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Problem

Abundant literature on the topic: Seide et al. [2014], Stich et al. [2018], Wu et al. [2018],
Karimireddy et al. [2019], Richtarik et al. [2021], Fatkhullin et al. [2021], Richtarik et al.
[2022], Makarenko et al. [2022], Gruntkowska et al. [2023], Zhao et al. [2022], Wang
et al. [2022], Dorfman et al. [2023].

1. Multiple different schemes (CGD, EF, EF21, Error Control), etc.

2. Many bounds, not all comparable.

Our goal:

1. Provide a tight analysis of EF, EF21, and compare it to that of CGD.
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Part I: Analysis setup

1. Focus on single worker case

Server f

mk

rk

2. Focus on µ-strongly convex and L-smooth, i.e., f ∈ Fµ,L.

3. Consider deterministic and contractive compressors: C(·) satisfies

∥x − C(x)∥2 ≤ ϵ · ∥x∥2, ∀x ∈ Rd .

where 0 ≤ ϵ ≤ 1 is typically close to 1.

4. Looking for a contraction: Vk+1 ≤ ρVk
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Betting time

1. Who has read the paper ?

2. For a given step size η, which is the best method? (CGD, EF, EF21)

3. Which method has the largest admissible learning rate?

4. Which method has the best possible linear contraction rate ?
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Part I: Results

Results: Optimal rates for EF and EF21: we can identify an optimal Lyapunov, the
optimal step size, and the optimal rate

Step size setting
Optimal for EF

and EF21:

η⋆ :=

(
2

L+ µ

)
·
(
1−√

ϵ

1 +
√
ϵ

)
Convergence rate

Same for EF and EF21:

Vk+1 ≤ ρ⋆Vk ,

ρ⋆ =
√
ϵ+

1

4
(1 +

√
ϵ)(L− µ)λ,

λ = η⋆

L+µ

[
(1 −

√
ϵ)(L − µ) + (1 +

√
ϵ)

√
(L − µ)2 + 16Lµ

√
ϵ

(1+
√

ϵ)2

]
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Remark 1: Tight results, both in terms of rate and optimal Lyapunov function.
11 / 35



Part I: Results

Results: Optimal rates for EF and EF21: we can identify an optimal Lyapunov, the
optimal step size, and the optimal rate

Step size setting
Optimal for EF

and EF21:

η⋆ :=

(
2

L+ µ

)
·
(
1−√

ϵ

1 +
√
ϵ

)
Convergence rate

Same for EF and EF21:

Vk+1 ≤ ρ⋆Vk ,

ρ⋆ =
√
ϵ+

1

4
(1 +

√
ϵ)(L− µ)λ,

λ = η⋆

L+µ

[
(1 −

√
ϵ)(L − µ) + (1 +

√
ϵ)

√
(L − µ)2 + 16Lµ

√
ϵ

(1+
√

ϵ)2

]

Remark 2: Recovers GD for ϵ = 0 : η⋆ =
(

2
L+µ

)
; ρ⋆ = (L−µ

L+µ)
2
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Part I: Results

Results: Optimal rates for EF and EF21: we can identify an optimal Lyapunov, the
optimal step size, and the optimal rate
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Remark 3: For all three methods, ρ⋆(ϵ) < 1 ⇔ ϵ < 1
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Remark 4: Same rates for EF21!! Same optimal step size, different Lyapunov function!
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Comparing CGD / EF / EF21: an apples-to-apples comparison

→ We have obtained an analytical expression for the best possible Lyapunov / step size /
contraction, for any contraction parameter ϵ, κ = µ/L.
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Figure: Optimal rate as a function of ϵ for three values fo κ : 10, 4, 2

Remark 1: The curves can be obtained numerically / analytically!

12 / 35



Comparing CGD / EF / EF21: an apples-to-apples comparison

→ We have obtained an analytical expression for the best possible Lyapunov / step size /
contraction, for any contraction parameter ϵ, κ = µ/L.

0.0 0.5 1.0
ε

0.8

0.9

1.0

ρ

κ = 10.0

CGD

EF

EF21

0.0 0.5 1.0
ε

0.6

0.8

1.0

ρ
κ = 4.0

CGD

EF

EF21

0.0 0.5 1.0
ε

0.2

0.4

0.6

0.8

1.0

ρ

κ = 2.0

CGD

EF

EF21

Figure: Optimal rate as a function of ϵ for three values fo κ : 10, 4, 2

Remark 1: The curves can be obtained numerically / analytically!

12 / 35



Comparing CGD / EF / EF21: an apples-to-apples comparison

→ We have obtained an analytical expression for the best possible Lyapunov / step size /
contraction, for any contraction parameter ϵ, κ = µ/L.

0.0 0.5 1.0
ε

0.8

0.9

1.0

ρ

κ = 10.0

CGD

EF

EF21

0.0 0.5 1.0
ε

0.6

0.8

1.0

ρ
κ = 4.0

CGD

EF

EF21

0.0 0.5 1.0
ε

0.2

0.4

0.6

0.8

1.0

ρ

κ = 2.0

CGD

EF

EF21

Figure: Optimal rate as a function of ϵ for three values fo κ : 10, 4, 2

Remark 1: The curves can be obtained numerically / analytically!

12 / 35



Comparing CGD / EF / EF21: an apples-to-apples comparison

→ We have obtained an analytical expression for the best possible Lyapunov / step size /
contraction, for any contraction parameter ϵ, κ = µ/L.

0.0 0.5 1.0
ε

0.8

0.9

1.0

ρ

κ = 10.0

CGD

EF

EF21

0.0 0.5 1.0
ε

0.6

0.8

1.0

ρ
κ = 4.0

CGD

EF

EF21

0.0 0.5 1.0
ε

0.2

0.4

0.6

0.8

1.0

ρ

κ = 2.0

CGD

EF

EF21

Figure: Optimal rate as a function of ϵ for three values fo κ : 10, 4, 2

Remark 2: CGD always dominates EF and EF21!
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Comparing CGD / EF / EF21: analytical any step comparison
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1. No closed-form formula for the rate for the non-optimal step-size!
2. But numerical insights:

• For a given (very small) step-size, EF and EF21 can dominate CGD.
• The rate for EF and EF21 is the same
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Part I: Conclusion

1. We give tight worst case analysis of EF and EF21.

2. Showing that in the single agent, smooth and strongly convex, contractive and
deterministic case, (surprisingly)

• CGD dominates both EF and EF21

• EF and EF21 have the exact same best convergence rate.

3. What’s next? Some extensions!

4. The story is a bit different for multi-agent systems! (coming soon)
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Outline of talk

Part I: What we did
• Intro to distributed optimization

• The methods analyzed

• The results

→ Aymeric

Part II: How we did it
• Lyapunov functions: our definition

• Defining the problem

• A bag of tricks

→ Daniel
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Systematically identifying simple,
yet optimal Lyapunov functions

Part II: How we did it
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Part II: Lyapunov functions

Lyapunov functions help us prove convergence! We design them such that

V(ξk) k→∞−→ 0 =⇒ xk
k→∞−→ x⋆

Examples:
1. ∥xk − x⋆∥2
2. f (xk)− f⋆ + ∥gk∥2

3. f (xk)− f⋆ +
1
n

∑n
i=1 ∥d

(i)
k −∇fi (xk)∥2
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Part II: Lyapunov functions

Candidate Lyapunov functions V(ξ, x ; f ) such that:

1. (non-negative) V(ξ, x ; f ) ≥ 0

2. (zero at fixed-point) V(ξ, x ; f ) = 0 ⇐⇒ ξ = ξ⋆ and x = x⋆

3. (quadratic lower bound) V(ξ, x ; f ) ≥ (ξ − ξ⋆)
⊤(A⊗ Id)(ξ − ξ⋆) + a(f (x)− f⋆), for

some matrix A and scalar a.

Additional desired property:

V(ξ1, x1; f ) ≤ ρ · V(ξ0, x0; f ), (1)

where 0 ≤ ρ < 1 is a contraction factor.
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Part II: The problem

Want to find good Lyapunov functions:

min
V

{
max
f ∈F

V(ξ1, x1; f )
V(ξ0, x0; f )

: (ξ1, x1) = M(ξ0, x0; f )

}
. (2)

Taylor et al. [2018]: PEPs let us find worst-case contractions for given V:

max
f ∈Fµ,L

{V(ξ1, x1; f )
V(ξ0, x0; f )

: (ξ1, x1) = GD(ξ0, x0; f )

}
(GD-PEP)

We can find a good Lyapunov function for a given ρ by solving:

feasible
P⪰0,
λij≥0



A⊤
1 PA1 − ρA⊤

0 PA0 −
∑
i ,j

λijMij ⪰ 0

∑
i ,j

λijmij = 0

tr(P) = 1.


(GD-SDP)
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Part II: Our Lyapunov functions

ξ CGD
k =

 xk
∇f (xk)

C(η∇f (xk))

 , ξEFk =


xk

∇f (xk)
C(ek + η∇f (xk))

ek

 , ξ EF21

k =

 xk
∇f (xk)

dk

 ,

EF21 optimal Lyapunov function (η = 0.3, ϵ = 0.1):

xk − x⋆
gk
dk

⊤  1.44935440e−04 −4.87502814e−04 1.43273186e−04

−4.87502814e−04 5.71381080e−01 −4.28203308e−01

1.43273186e−04 −4.28203308e−01 4.26190780e−01

xk − x⋆
gk
dk


+ 0.00228321 · (f (xk)− f⋆)
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Part II: Forced sparsity

P =


P11 P12 P13

P21 P22 P23

P31 P32 P33

 , and p
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Part II: Forced sparsity

P =


1− P33 −P33

−P33 P33


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Part II: Forced sparsity
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Part II: log-det heuristic

Fazel et al. [2003]: Minimize rank of P using heuristics!

−2 −1 0 1 2
x

−1

0

1
Log-det heuristic

Rank(x)

log(|x|+ δ)
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Part II: log-det heuristic

First-order Taylor expansion at iteration Pk :

log det(P + δI ) ≈ log det(Pk + δI ) + Tr
[
(Pk + δI )−1(P − Pk)

]

Iterative procedure:
Pk+1 = argmin

P
Tr(Pk + δI )−1P.
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Part II: log-det heuristic
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Part II: Symbolic regression
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Part II: Symbolic regression

PySR on GitHub
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https://github.com/MilesCranmer/PySR?tab=readme-ov-file#pysr-high-performance-symbolic-regression-in-python-and-julia


Part II: Symbolic regression
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Part II: Final Lyapunov functions

Closed-forms

(tight analysis for CGD found in De Klerk et al. [2020]):

VCGD := f (x)− f⋆,

VEF := ∥xk − x⋆ − ek∥2 +
1√
ϵ
∥ek∥2,

VEF21
:= ∥gk − dk∥2 +

√
ϵ · ∥dk∥2.
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Thank you!
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