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Abstract

Communication costs are a major bottleneck in
distributed learning and first-order optimization.
A common approach to alleviate this issue is to
compress the gradient information exchanged be-
tween agents. However, such compression typ-
ically degrades the convergence guarantees of
gradient-based methods. Error feedback mech-
anisms provide a simple and computationally
cheap remedy for this issue, but numerous vari-
ants have been proposed, and their relative per-
formance remains poorly understood. This paper
provides tight convergence analyses for two of the
main error-feedback algorithms from the litera-
ture, namely error feedback and EF2!, by identify-
ing optimal step-size choices, and by constructing
a set of optimal Lyapunov functions tailored to
each method. The results hold independently of
the number of agents and recover the known best
guarantees possible in the single-agent regime.

1. Introduction

The trend toward larger model usage in machine learning
has made training in distributed environments a practical
necessity. In many applications, including federated learn-
ing, data are partitioned across n agents and a central server
coordinates the process (McMahan et al., 2017; Kairouz
et al., 2019). Consider the finite-sum problem

%Zf(“(x) : )

i=1

min | f(z) =

where only agent ¢ has access to first-order information
about f(*). Communication follows a star topology: at each
round, agents send messages to the server, the server ag-
gregates them into a new iterate and broadcasts this iterate
to all agents. Because many agents communicate concur-
rently, the agents-to-server traffic is often the dominant
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bottleneck (Seide et al., 2014; Chilimbi et al., 2014; Strom,
2015), especially for large models seen in deep learning.

A standard approach to mitigate communication costs is to
reduce the frequency of communication (McMahan et al.,
2017; Karimireddy et al., 2020; Mishchenko et al., 2022)
and/or to transmit compressed messages. Compression may
be applied on the uplink (agents—>server) (Seide et al., 2014;
Alistarh et al., 2017; Richtarik et al., 2021) and/or down-
link (server—agents) (Harrane et al., 2018; Philippenko &
Dieuleveut, 2020; Gorbunov et al., 2020); the focus here is
on uplink compression. Common compressors include low-
precision quantization (Alistarh et al., 2017), sparsification
(e.g., Top-K, Alistarh et al. 2018), and using random pro-
jections (Vempala, 2005) like in SKETCHED-SGD (Ivkin
etal., 2019).

To analyze algorithms independently of a particular com-
pressor, one typically assumes general properties of a (pos-
sibly random) compression operator C. Compression is
modeled as a family of deterministic maps indexed by a
seed w, written C(-;w) : RY — R?; each invocation uses
an independent seed (possibly shared across agents). When
(@)

needed, w,,’ denotes the seed used by agent ¢ at iteration k,

and wy, : (wl(C ))Z 1; expectations are taken with respect to
the relevant seeds. A classical assumption is unbiasedness,
ie., E,[C(z;w)] = « for all z € X. Another widely used

assumption is contractiveness:

Assumption 1.1 (Contractive compressor). The compres-
sion operator C(-;w) is such that, for some ¢ € [0, 1),

forall zcR? E, [z — C(x;w)||2] < el|z|?.

A natural baseline is Compressed Gradient Descent (CGD):
Tpyr =T — QZ VO (@) wi),
n :

where 1 > 0 is the step size. However, CGD generally fails
to converge in the multi-agent setting, as shown for instance
when C is biased in Beznosikov et al. (2023).

To mitigate the effects of compression, each agent can use
Error Feedback (EF). The classic mechanism (Seide et al.,
2014; Karimireddy et al., 2019) keeps track of past com-
pression errors and “reinjects” them into later messages, as
described in Algorithm 1.
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Another challenge in distributed environments is hetero-
geneity across agents: the local objectives f(*) can differ
substantially, for example due to mismatched data distribu-
tions or uneven scaling induced by non-uniform data parti-
tioning. Such heterogeneity can obstruct convergence. In
particular, in the strongly convex setting, Beznosikov et al.
(2023) prove linear convergence of distributed EF with bi-
ased compression, but only under the additional assumption
that all local objectives share the same minimizer—i.e., the
interpolation regime (Ma et al., 2018; Vaswani et al., 2019).

Motivated by the need to directly handle heterogeneity,
Richtrik et al. (2021) proposed Error Feedback 21 (EF?'),
given in Algorithm 2. In EF2!, each agent maintains an es-
timator of the gradient d,(;) and communicates compressed
differences C(V f@) (z41) — d,(f); w,(f)). The server then
performs a gradient step using this sum, which is argued to
be more stable around the global optimum of the sum total
objective (1).

By now, a substantial literature has been devoted to the anal-
ysis of both algorithms under different assumptions on the
communication model (Koloskova et al., 2019; Philippenko
& Dieuleveut, 2021), the compression operator (Alistarh
et al., 2017; Stich et al., 2018; Beznosikov et al., 2023), and
the objective functions (Karimireddy et al., 2019; Stich &
Karimireddy, 2020; Richtérik et al., 2021). The vast liter-
ature on the subject is further complicated by the many
variants of these methods that have been proposed, see
e.g., Zheng et al. (2019); Li & Li (2022); Tang et al. (2021);
Fatkhullin et al. (2023); Tian et al. (2026); Condat et al.
(2022); Fatkhullin et al. (2025); Gruntkowska et al. (2025);
Egger et al.; Redie et al. (2026), among others.

Many of the above papers provide theoretical guarantees,
most often in the form of convergence rates that upper-
bound the value of a hand-crafted metric. Yet these bounds
can be loose, the analysis pessimistic, or the metric it-
self poorly matched to the phenomenon of interest, which
complicates meaningful comparisons between algorithms.
Building on recent advances in computer-aided proofs for
optimization and automated construction of Lyapunov func-
tions, Berg Thomsen et al. (2025) derived tight convergence
rates for CGD, EF, and EF2!. Their rates are optimistic
compared to existing results and give a definitive characteri-
zation of the worst-case convergence of these methods on
smooth and strongly convex functions; notably, they also
show that EF and EF?! attain the same optimized worst-
case rate. However, this analysis is restricted to the single-
agent setting n = 1, which remains a significant theoretical
and practical limitation.

1.1. Contributions.

In this paper, we provide tight analyses of both EF and
EF?! in the multi-agent setting, n > 1, under a common set
of assumptions: contractive compression (Assumption 1.1)
together with strong convexity and smoothness of the in-
dividual objective functions. We show that the behavior
in the distributed setting can differ from the single agent
case, in particular due to heterogeneity between agents. We
distinguish between two types of heterogeneity: statistical
heterogeneity (the local minimizer can differ across agents)
and heterogeneity of the regularity parameters (the smooth-
ness and strong-convexity constants being different for each
agent).

These rates are tight in that they correspond to the best
tuning, the best Lyapunov function (within the considered
class), and the best possible convergence rate. To obtain
them, we combine advanced proof techniques with numeri-
cal evaluations that corroborate the theoretical predictions.
Altogether, our results provide a complete picture of the
worst-case behavior of error-feedback methods in the multi-
agent setting.

Rigor: Theorems, Certificates, and Empirical Laws.
Most of our results are stated either as a theorem with a
complete proof or as a counterexample. To facilitate ver-
ification, we also attach proof certificates to each formal
statement, which serve as either analytical or numerical val-
idation of the stated guarantee. Specifically, certificates of
correctness are provided either

(1) by a Computer Algebra System (CAS) via a Wolfram
Language script, or

(i1) by numerically solving the associated Performance
Estimation Problems (PEP).

CAS certificates verify algebraic identities, whereas PEP cer-
tificates provide numerical confirmation of complete state-
ments. In the paper, these certificates are indicated by the
and markers, which link directly to the correspond-
ing Wolfram Language script or Jupyter notebook in the
public GitHub repository.'

For cases in which a formal proof could not be identified,
we state certain results as empirical laws instead. These
laws are supported by extensive numerical evidence indicat-
ing that a proposed closed-form expression matches, up to
numerical precision, the corresponding analytical quantity,
which may itself lack a closed-form representation.

'These certificates do not replace the mathematical proofs in
the paper; rather, they provide an additional layer of transparency
and error checking, analogous to unit tests in software development.
They offer a reproducible, independently verifiable record support-
ing the theoretical claims and help reduce the risk of oversights in
complex derivations.
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Agents Heterogeneity EF EF?! EControl
n=1 — Berg Thomsen et al. (2025)
None Theorem 3.4
Theorem 3.1
n>1 Statistical © Cycles (Proposition 2.1) Empirical Law 4.4
Regularity? Corollary 3.2 (Linear)”
n=2 Both Empirical Law 4.3

Table 1. Summary of convergence results for EF?! and EF. 1 Statistical heterogeneity means that the local minimizers z\

® are not

identical; { Regularity heterogeneity means that the smoothness and strong-convexity constants are not identical; * the linear corollary
additionally assumes (beyond contractive compression) that C is deterministic, additive, and positively homogeneous (C(z + y) =
C(x) + C(y), C(azx) = aC(x) for a > 0). Heterogeneous guarantees for EF?! and EF are currently limited to linear compressors and

the n = 2 empirical law. Badges link to certificates.

Detailed contributions and outline. More precisely, we
make the following contributions, summarized in Table 1.

(1) In Section 2, we exhibit simple quadratic counterex-
amples for contractive compressors, both CGD and
classic EF exhibit cycles in heterogeneous multi-
agent settings and therefore do not converge in gen-
eral.

(ii) For EF2! under contractive compression and statisti-
cal heterogeneity, we derive in Subsection 3.1 a tight
Lyapunov function, optimal step size, and worst-case
contraction factor, and the optimal rate is shown to be
independent of the number of agents.

(iii) For deterministic, additive, positively homogeneous
compressors under regularity heterogeneity, we also
prove a sharp linear convergence guarantee for both
EF?2! and EF with averaged parameters (L, ji).

(iv) In Subsection 3.2, we construct a tight Lyapunov func-
tion for classic EF under statistical homogeneity, and
show that its optimal step size and rate coincide with
those of EF2!, recovering the single-agent results for
any n.

(v) Finally, in Section 4, we state empirical laws that char-
acterize the optimal step size for EF and EF?! under
general heterogeneity, an optimal Lyapunov function
for EF2L, an explicit polynomial rate formula for the
n = 2 case, and an optimal two-parameter tuning rule
for EControl (Gao et al., 2023), supported by exten-
sive numerical verification via numerical solution of
the corresponding performance estimation problems.

In the next section, we introduce the algorithms, assump-
tions and counterexamples.

2. Background

This section motivates our multi-agent analysis by showing
that classic EF can fail under heterogeneity unless addi-
tional structure is imposed. Specifically, Subsection 2.1

provides counterexamples, and Subsection 2.2 reviews ex-
isting theoretical results on EF and EF?!. The definitions
and notation needed to state the main results of this paper
are provided in Subsections 2.3 and 2.4.

2.1. Non-Convergence under Statistical Heterogeneity

The following counterexamples demonstrate that neither
compressed gradient descent nor EF can achieve arbitrary
accuracy in the presence of statistical heterogeneity.

Compressed Gradient Descent. Consider the case where
there are n = 2 agents, each having access to first-order
oracles querying the one-dimensional quadratic functions

f@(z) = B2y x,

fO(z) = Hoz z, 5

2

where 14 > 0 is a constant. It follows immediately that these
functions belong to the class F,, r,, for any L > p. Set

€
2—np

xXo -
By definition, for CGD

m =203 [ o)) +CU(FP) (wo)set™)]

Under Assumption 1.1, the compression oracle may respond

C((fVY (wo);wi™) = (1 — VO (f VY (o),
C((fPDY (wo);w§) = (1 + V) (fP) (o).

Plugging this, the derivatives of f(*) and (), and the defi-
nition of x into subsection 2.1,

T, = X9 — g [Q,uxo + 2\/E} = xo(1 —np) — /e
- 2”—\/7; (1 =np) = (2 = nu)] = —zo.
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Algorithm 1 Classic error feedback — EF

1: initialization: zo € R%, 7 > O,e(()i) = 0fori € [n;

seeds (w,(j)) k>0 given
., K do

2: fork=0,1,2,..

3:  Agenti € [n] compresses efj) +nV f@)(x) and com-
municates m,(j) = C(eg’) + VO (21); w,(j))

4:  Agent i € [n] updates e,(f) — e,(f) + VO () —
Clel! +nV O (@p); )

5: Server updates Ty 41 < T — >0, m](f)

6: end for

By symmetry, if the compression oracle next responds with

C((FDV) (z1);08) = 1+ Ve (FD) (21),
C((fP) (z1);08?) = (1 = Vo) (FP) (a1).

then the same computation gives xo = x, yielding a 2-step
cycle.

Error Feedback. Consider now exactly the same func-
tions defined in subsection 2.1. The following Proposition
shows that the same behavior can be observed in EF.

Proposition 2.1. Let there be n = 2 agents, each having
access to first-order oracles querying the one-dimensional
quadratic functions defined in subsection 2.1. Then there
are 2-step cycles for the following scenarios where the step
size n > 0 is fixed:

1.n < 2, with zo = nzY<.
2.n> % with g = —772!;.

3. n= %, with any xg.

A simple proof of this is provided in Appendix A.1.

2.2. Related Work

Error feedback has a long history in signal processing, where
it is used to compensate for quantization in communica-
tion (Cutler, 1952; Inose & Yasuda, 2005). In distributed
optimization, it dates back to the classical work of Seide
et al. (2014). Following its introduction, subsequent work
has studied the behavior of error feedback under various
assumptions, including analyses for specific compression
operators such as deterministic Top-K (Alistarh et al., 2018)
and stochastic compressors (Wu et al., 2018).

A complementary line of work leverages the contractive
properties of compression operators to derive general con-
vergence guarantees for a broad class of operators. In this
setting, it is common to distinguish between biased and un-
biased compressors (Beznosikov et al., 2023). Convergence

Algorithm 2 Error Feedback 21 — EF?!

I: init_ialization: g € R?:; step size n > 0; seeds
(w;(:))kzo given; d((f) =C(V [ (xo);wél)) fori € [n];

2: fork=0,1,2,..., K do

3:  Server updates Ty41 < T — 1 - % Z?zl d,(:)

4. Agenti € [n] compresses V) (zyy1) — dgf) and
communicates ml(f) = C(V D (zpy1) — d,(f); w,(:))

5:  Agenti € [n] updates dfj}rl — d,(:) + m,(:)

6: end for

rates for error feedback with contractive compressors have
been established for strongly convex functions (Stich et al.,
2018), quasi-convex and nonconvex functions (Karimireddy
et al., 2019), and using stochastic gradients (Stich & Karim-
ireddy, 2020). Tight rates have also been established under
the same assumptions as this work, for the single-agent
regime (Berg Thomsen et al., 2025).

Error Feedback 21 (EF?!) (Richtdrik et al., 2021) is a vari-
ant of error feedback that was designed specifically to han-
dle the heterogeneity of the multi-agent setting. EF?! and
its variants have been studied in many different scenarios,
some of which include using stochastic gradients, momen-
tum (Fatkhullin et al., 2023) and practical extensions such as
bidirectional compression, variance reduction, and proximal
setups (Fatkhullin et al., 2021). EControl (Gao et al., 2023)
introduces a controllable error-compensation mechanism
that combines the notions of error feedback from both EF
and EF?! by adding a second hyperparameter, and is shown
to converge in strongly convex, convex and nonconvex set-
tings.

2.3. Assumptions and Notations

The following definition is used throughout this work.

Definition 2.2 (Class F, r). Denote by F,, ; the set of
functions h : R? — R that are L-smooth and p-strongly
convex. That is, for all z,y € R¢,

h(y) < h(x) + (Vh(z),y — ) + =y — 2],

and

h(y) 2 he) + (Vh(@).y - 2) + Sy - o]

Throughout this work, each local function f(*) is assumed
to belong to ]:M” L)

The symbol S¢ denotes the set of symmetric matrices, and
Sﬁ denotes the set of positive semidefinite matrices. For
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any two matrices A € S? and B € S%, the Kronecker
product is denoted by A ® B. The condition number is
denoted by k = % For any objective function f € F, 1,
the minimizer is denoted by z, = argmin, cra f, and its
minimum value is denoted by f, = min,cpa f(z). For
each local function f(%), its unique minimizer is denoted by

xii) and its minimum value by f*(i).

2.4. Methodology

The analysis contained in Section 3 relied on the systematic
identification of Lyapunov functions that provide a tight
convergence rate for each method. These Lyapunov func-
tions are optimal with respect to a large class of Lyapunov
functions, defined in this section.

Lyapunov functions. Let M : R4 x R? x F —
R4 x R¢ denote a first-order method acting on a set
of functions F of dimension d, for an integer { € N dif-
ferent state variables. Such a method, given a function
f € F, is applied to an initial state & € R**¢ and iterate
zo € R4, and generates a following state &1, and iteration
x1. The states represent information summarizing the cur-
rent point in the optimization trajectory that the algorithms
may depend on beyond the current iterate—for example,
error-related quantities in error feedback algorithms.

Definition 2.3 (Candidate Lyapunov function). A function
Y : R¥¥4xR? — Ris called a candidate Lyapunov function
for f if it satisfies the following conditions:

1. (Non-negativity) V(¢,2; f) > 0, for any ¢ € Rf¥4,
x € R4,

2. (Zero at fixed-point) V(&, z; f) = Oif and only if x = x4
and ¢ = &, for a unique &, € R*?,

3. (Meaningful lower bound) there exists a positive semidef-
inite matrix P € S and a scalar p > 0 such that

V(& i f) > (&) (P@La)(E—&) +p(f(2) = fo),
Ve € R vz € RY, and Tr(P) +p = 1.

The objective is to find candidate Lyapunov functions V
satisfying the recurrence

V(&1 f) < p-V(€o, z0; ),

for some constant p < 1, uniformly over F. Finding the
optimal Lyapunov function within a parameterized class for
a method M amounts to solving the following problem:

o V25 f)
pe(M) = min fzglﬁx V(&o, z0; f) )

S.t. (5171‘1) = M(£07x0§ f) :

The goal of this work is to identify optimal Lyapunov func-
tions for EF and EF?! and formally prove that they achieve

the convergence rate defined in (2). It has been shown that
optimal candidate Lyapunov functions can be identified by
solving semidefinite programs (SDPs), yielding numerical
convergence guarantees (Taylor et al., 2018).

We used numerical tools both to obtain guarantees (Tay-
lor et al., 2017a; Goujaud et al., 2024) and to search for
Lyapunov functions (Taylor et al., 2018; Upadhyaya et al.,
2025). Such numerical evidence is not, on its own, a theo-
retical proof, but it can suggest symbolic expressions; we
leverage symbolic regression (Cranmer, 2023) to infer them.
In the multi-agent setting, the optimal Lyapunov coefficients
need not be unique, so several heuristics were used in order
to infer closed-form formulas.

Algorithm 3 Error Control — EControl

1: initialization: 2z, € R step sizes > 0,y > 0;
el =0,d) = 0 fori € [n]; seeds (w,gL))kZO given

2: for k=0,1,2,..., K do A }

3: Agenti € [n] compresses nel”) + V£ (z;,) — d\
and communicates mgj) = C(ne,(j) + VO (xy) —
o
Agent i € [n] updates d,(j}rl —d? +m?
Server updates xp 1 < T, — v - % Z?Zl d](fj_l
Agent i updates efj}rl — eg) + VO () — d,@rl

end for

A O S

3. Main Results

This section states tight convergence guarantees for EF2!
under contractive compression, a linear-compressor corol-
lary when the regularity parameters are heterogenous, and
corresponding guarantees for EF under statistical homo-
geneity. In light of the counterexample in Proposition 2.1,
the result for EF requires the additional assumption that the
local objectives f(*) share the same minimizer.

3.1. Error Feedback 21

For EF2L, the state is defined as

Ny [ fx(*l),...,:rk—zgn)ﬁ
Bo= | VW () - VO (), T 3)

[, ... d™MT

This state contains the per-agent optimality residuals, cur-
rent gradients, and error-feedback terms. Candidate Lya-
punov functions may thus include many terms, but the Lya-
punov function given in Theorem 3.1 is relatively simple,
and is worst-case optimal under the optimal step size tuning.

Theorem 3.1.

Let € € |0,1) and assume that the compression operator C
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satisfies Assumption 1.1. Let (V) € Fu,rL foreach i € [n).
Let the step size be given by

re(en) () e

Then, the Lyapunov function

2

V(gEF217x; f) ::g ivf(i)(mk)
i=1

" (5)
+3 IV O (@) — a2

i=1
is optimal (i.e., solves (2)) and satisfies
E, V(T 2ea1; £)] < pe-Bo V(687 a3 )]
where the rate is given by

pei= Vet (1f> (:+1)2\P(n,e) ©)

and

U (K, €) :—1—ﬁ+\/(1+\/2)2+\/216(ﬁ_'i1)2.

Finally, the step size in (4) is worst-case optimal for EF?!:
within the candidate Lyapunov class based on §EF21, it
achieves the minimal worst-case one-step contraction factor,
P« in (6). This bound is also multi-step tight, meaning that

after k iterations the worst-case contraction equals p.

A proof appears in Appendix A.2. The numerical and sym-
bolic certificates can be accessed by clicking the PEP and
CAS icons in the theorem header.

The symmetry across agents implies that the worst-case rate
in Theorem 3.1 matches the single-agent rate: the worst-
case instance for n = 1 can be replicated across agents.
Though the single-agent Lyapunov function is recovered
when setting n = 1, the multi-agent Lyapunov function
is not a trivial extension of the single-agent case. One
could have expected a weighted sum of the single-agent
Lyapunov functions defined in (Berg Thomsen et al., 2025)
to be sufficient, but it is clear that the weighting placed on
the individual terms of (5) do not correspond to that.

The next corollary extends Theorem 3.1 to regularity het-
erogeneity (heterogeneous smoothness and strong convex-
ity parameters) under deterministic, additive, positively ho-
mogeneous compression, a setup in which Richtarik et al.
(2021) showed an equivalence between EF and EF?!, under
a reparametrization.

Corollary 3.2.
Let € € [0,1) and assume that the compression operator C

satisfies Assumption 1.1 and is deterministic, additive, and
positively homogeneous (so C(x +y) = C(z) + C(y) and
Clazx) = ol(x) for all o > 0). Let f@ e F ), o for
eachi € [n], and define

SR S 1IN0
L.—n;L , u.—n;u .

S, 10

b oy
Let the step size be given by

= () (i7%)

Then the Lyapunov function

Vin (€772 2 f) = Vellgull® + g — die|?

satisfies
Ew [Vlin(gk]?f%l,xk-&-l; f)] S Px* Ew [Vlin( EF213 Tks f)] )

where gy = 230 VO (xy), dp = 230, d,(f), and
the rate py is given by (6) with k = Kx.

Ry =

=i

A proof appears in Appendix A.3. The same step size and
rate apply to EF, matching Theorems 1-2 in Berg Thomsen
et al. (2025) evaluated at kx. The result follows by observ-
ing that the barred variables evolve exactly as a single-agent
EF?! instance with parameters (L, ji), and then invoking
the EF-EF?! equivalence. Extending tight guarantees be-
yond this deterministic linear setting appears technically
challenging, motivating the next section.

3.2. Classic Error Feedback under Statistical
Homogeneity

Due to the counterexample given in Proposition 2.1, an addi-
tional assumption is required to prove convergence for EF.
This is the same assumption as that required for the linear
rate of convergence given in (Beznosikov et al., 2023)—
namely, that the minimizers of the local functions are all
the same, a condition commonly known as the interpolation
regime (Ma et al., 2018; Vaswani et al., 2019).

Assumption 3.3 (Statistical homogeneity). Each function
9 is statistically homogeneous, i.e.,

2 =29 forall i,j € [n)?

For EF, the state is defined as

Tk — Ty
EF ._ [Vf“)(rv(kg,...,V{<)”>(xk)F
E = m 1 T
koot A
[ (1) (n)]T

€ s s€p
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Similar to Theorem 3.1, Theorem 3.4 provides a relatively
simple Lyapunov function which is worst-case optimal un-
der the optimal step size tuning.

Theorem 3.4.

Let € € [0,1) and assume that the compression operator C
satisfies Assumption 1.1. Let f) € F,, 1 for each i € [n],
and assume Assumption 3.3.

Let the step size be given by n* as defined in (4). Then, the
Lyapunov function

e
€k

V(ET 2 f) = n\[

is optimal and sattsﬁes

p«(EF) = p.,

where p, is defined in (6). Finally, the step size in (4) is
worst-case optimal for EF : within the candidate Lyapunov
class based on fEF, it achieves the minimal worst-case one-
step contraction factor, py in (6). This bound is also multi-
step tight, meaning that after k iterations the worst-case
contraction equals p*.

A proof appears in Appendix A.4. Like in the case of EF2!,
the single-agent results from (Berg Thomsen et al., 2025) are
recovered for any n > 1, including the optimal step size and
the Lyapunov function (by setting n = 1 in Theorem 3.4).

The results in this section establish that, when each f(*) €
F,., 1, the worst-case contraction of EF and EF?! does not
depend on the number of agents n. In particular, the class-
optimal step sizes and contraction factors coincide with their
single-agent counterparts, implying that the single-agent
setting suffices to characterize the worst-case behavior of
these distributed methods.

4. Empirical Laws under Regularity
Heterogeneity

The results of the previous sections either assume regularity
homogeneity (shared parameters (L, i1)) or rely on linear
deterministic compressors to handle regularity heterogene-
ity. When this is relaxed to allow general regularity het-
erogeneity, with agent-specific parameters f() € F PONAOD
numerical evidence indicates that the worst-case behavior
depends on the local smoothness and strong convexity pa-
rameters. Based on extensive numerical experiments, this
section states empirical laws for (i) the optimal step size for
both EF and EF?!, (ii) a corresponding Lyapunov function
for EF2!, (iii) the optimal convergence rate when n = 2,
and (iv) a two-parameter tuning rule for EControl (Gao
et al., 2023) in the general case.

The empirical laws below are formulated based on numer-
ical validation using the Performance Estimation Problem

+ Z lex — zs — eff)HQ.

(PEP) framework (Drori, 2014; Taylor et al., 2017b). A
detailed account of the verification methodology, including
exact grid searches and parameter sweeps, is provided in
Section C. The empirical formulas were tested across a wide
range of problem parameters.

Empirical Law 4.1 (General optimal step size).
Consider the setting with heterogeneous regularity parame-
ters, i.e., let f() € F ), 1 The optimal step size for both
EF and EF?! is given by

. 2n 1—/e
T OASL IO a0 ) T VE)

This step size reduces to (4) when all agents share the same
parameters.

Numerical evidence further suggests that the following Lya-
punov function is optimal for EF?! among Lyapunov func-
tions built from the class defined by (3).

Empirical Law 4.2 (General Lyapunov function).

Let S := %" | L9 + 1% and w; = ﬁu” Let eqch
agent have heterogeneous regularity parameters, i.e., 9 €
F ), 1. The optimal Lyapunov function for EF?! is given
by

1 ; ;
V(ER s f) = 3w VO () = )
i=1

f(i) (1)

This family of Lyapunov functions reduces to (5) when all
agents share the same parameters, and motivates a weighting
based on relative condition numbers.

Finally, numerical evidence suggests an explicit characteri-
zation of the agent-sensitive convergence rate when n = 2:

Empirical Law 4.3 (General rate for n = 2).

Let n = 2 and let the agents have heterogeneous regularity
parameters, i.e., f() € F ) ). The optimal convergence
rate of EF?! is given by the largest root of the polynomial

Q(p) = p° = [s(2+ 5) +7(s)(sK1 + K2)] p°
214254 7(s) (K, 4 sKy)| p — s*

— — (1=s)
where s = \/¢, r(s) =

T and the constants K1, Ko
are defined as

A3%, + ATS,

(A + A2)2
Y1382(21 + Bg)’

K =
! (X1 + Xg)?

2 =

with ¥ = L + D and A; .= LW — u® fori € {1,2}.


https://github.com/icml2026errorfeedback/icml2026/blob/main/certificates/EF/ef_multiworker.wls
https://github.com/icml2026errorfeedback/icml2026/blob/main/certificates/EF/theorem2.ipynb
https://github.com/icml2026errorfeedback/icml2026/blob/main/certificates/empirical_laws/empirical_law_step_size.ipynb
https://github.com/icml2026errorfeedback/icml2026/blob/main/certificates/empirical_laws/empirical_law_lyapunov.ipynb
https://github.com/icml2026errorfeedback/icml2026/blob/main/certificates/empirical_laws/empirical_law_n2_rate.ipynb
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Figure 1. Comparison of the rates predicted by Empirical Law 4.3, Theorem 3.1 with worst-case parameters max; L% and min; p(®,
and Corollary 3.2 with averaged parameters. The inset in the rightmost panel magnifies the gap between the empirical-law rate and the
linear-compressor rate. Here LW =13 =1, um =1, and ,u<2) € {1,0.1,10™3} from left to right.

The roots of the cubic polynomial in Empirical Law 4.3
are visualized in Figure 2 (Appendix). A comparison to
the homogeneous worst-case and linear-compressor rates is
shown in Figure 1.

Numerical evidence further suggests a simple tuning rule
for the two-parameter EControl method (Gao et al., 2023),
where 7 denotes the model step size and 7 denotes the error-
feedback gain.

Empirical Law 4.4 (EControl tuning).

Consider the case of heterogeneous regularity parameters,
ie, f0 e F ) ). The empirically optimal tuning for
EControl satisfies

nECOHtrol = Oa
2n 1— /e
s o0 ) \17ve)

which coincides with the optimal step size in Empirical
Law 4.1.

* —
YEControl —

When 1 = 0 in EControl, the method can easily be shown
to be equivalent to EF?! under a reordering of the corre-
sponding parameter d,(j), and by instead initializing dg’) = 0.
In particular, this means the algorithm inherits the same
worst-case convergence rates as EF2!.

5. Conclusion

This paper provides tight worst-case analyses for distributed
error-feedback algorithms in the multi-agent setting. Under
homogenous regularity parameters (the same strong convex-
ity and smoothness constants across agents), the optimal
step sizes and contraction factors for EF and EF?! are inde-
pendent of the number of workers n and coincide with the
corresponding single-agent guarantees.

For EF?! under contractive compression, the analysis holds
under statistical heterogeneity, and yields an optimal Lya-
punov function together with a worst-case optimal step size
and contraction factor. In contrast, a simple counterexam-
ple demonstrates that classic EF fails without additional
assumptions when local minimizers differ. Under statistical
homogeneity (shared minimizer), we provide a tight analy-
sis for EF and recover the same optimal rate as EF?!; for
deterministic linear compressors we further obtain sharp
guarantees under regularity heterogeneity via an averaged-
parameter reduction.

The Lyapunov functions proposed in this analysis could
provide insights into the behavior of these methods under
different sets of assumptions and, given the close relation-
ship between EF and EF?!, could inspire the construction
of Lyapunov functions for other error-compensated algo-
rithms. Overall, these results demonstrate that the single-
agent setting captures the core worst-case behavior and
optimal parameter settings observed in larger systems un-
der homogeneity of the regularization parameters, thereby
unifying existing theory.

Finally, a number of empirical laws have been formulated
about the behavior of EF2! under general regularity hetero-
geneity, with strong numerical evidence supporting their
validity. Establishing these laws rigorously is left for fu-
ture work; caution is warranted, as the dependence of the
optimal rate on heterogeneous parameters already appears
technically intricate, even for n = 2.


https://github.com/icml2026errorfeedback/icml2026/blob/main/certificates/empirical_laws/empirical_law_econtrol_tuning.ipynb
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Organization of the Appendix
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C Verification Details .. ...ttt e e e 20

This appendix provides additional content and details complementing the paper. In particular, Section A provides the
complete missing proofs for the main results of the paper. Section B presents additional numerical results. Finally, Section C
details the verification methodology used to validate the empirical laws.
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A. Proofs
A.1. Proof of Proposition 2.1

Proposition 2.1. Let there be n = 2 agents, each having access to first-order oracles querying the one-dimensional
quadratic functions defined in subsection 2.1. Then there are 2-step cycles for the following scenarios where the step size
n > 0 s fixed:

1. n < 2, with zo = nzY<.
2. n> % with Tg = _UQLC;M

3. n= % with any x.

Proof. Begin by dealing with the first case, where 7 < 2. Use the same initialization as in subsection 2.1. Set the
compression oracle responses to also be identical to the compression oracle responses in subsection 2.1. Since the initial
error terms are all zero, the first step will be the same as in subsection 2.1. After the first round of communication, the error
terms are given by

e = ef? +n(FD) (o) = C(ef +n(F D) (o)) = Ven(F V) (o),
e = et + () (w0) = C(e” +n(f?) (20} ™) = —ven(f?)) (o).

Now, set the compression oracles to give the gradients at z; without any compression, i.e., m(ll) = (fMY(z,) and

mf) = (f@)/(21). This will result in the following updates to the error terms:

et = +n(fO) @) ¢ (A" + (D) @)iet”) =0,
6%2) _ 6%2) + n(f(Q))/(xl) -C (652) + n(f(2)>l($1)7w§2)) — 0,
meaning that the error terms are zero after the second step. This also results in the update
1
w2 = a1 — 5 [ + (D) (0) + e + (F?) (@)

= 21— 4 [Ve(uao = 1) + (ua1 — 1) = Ve(uo + 1) + (1 + 1)

=$1—77(/w1—\ﬁ)=$0,

where the last step follows from subsection 2.1 and some basic algebra. Since the iterate is back at the starting point, with
the error terms being zero, the cycle is complete.

The second case where n > % is given by the converse argument, with the starting point g = — 2"_\1/; and compression
oracles that on the first step give the responses

C((fVY (@o);wi”) = L+ VO DY (o), CU(fP) (z0);w§?) = (1 — Vo) (FP) (o).

The third case is given by simply considering what would happen if all the compression oracles just gave the true gradient
updates during all communication rounds. Then there would be no compression nor error feedback, making the iteration
equivalent to distributed gradient descent. The cycle follows from the following computations:

o =0 - 3 [(FD) (w0) + (/) (o)

=z — 2npxo

= —Xo,

13
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and,

72 = a1 = 2 [(FD) (@1) + (@) (1))
=1 — 2npux,

= —X1.

A.2. Proof of Theorem 3.1

Theorem 3.1. Let ¢ € [0, 1) and assume that the compression operator C satisfies Assumption 1.1. Let f @ e Fu.rL for
each i € |n]. Let the step size be given by

2 1—+/e
*
= : : 4
v =(55) (55%) ®
Then, the Lyapunov function
" 2
EF21 .. .:ﬁ (4)
hi= (5)
+ IV (@) = 2
i=1
is optimal (i.e., solves (2)) and satisfies
E. V(& @i )] < oo Bo V(67 205 )]
where the rate is given by
1— e\ [(r—1)°
= W
ver (755 (557) o ©

and

K
U(k,€) =1—+e+ \/(1+\/E)2+\/216(1)2.
K —
Finally, the step size in (4) is worst-case optimal for EF2: within the candidate Lyapunov class based on fEFQl, it achieves
the minimal worst-case one-step contraction factor, p, in (6). This bound is also multi-step tight, meaning that after k
iterations the worst-case contraction equals p.

Proof. The proof of the announced convergence rate follows. Denote g,(f) = V@ (x}), so that Algorithm 2 writes as

1 < i i i i
xk+1:$k_77'ﬁzdl(c)7 dl(cil_d( +C<gk+1_dl(c);wl(c))'

Consider the following inequalities, and associate with each of them the assigned multiplier:

(i,1) (i) (4) Hgl(clll - gz(ci)”Q )
I]—‘“.’L = f (l‘k) - f (.rkJrl) + T 4 <gk Tyl — mk>

QL : >\EF21
o, 1 ( @ _ <o,
Ml e AT H
(z 2) (@) () ||gl(ci) - 91&?—1”2 (i)
I = f (ka) f (ffk) + T + <9k+1»$k $k+1>
: )\EF21
__r _ (i) ®\| <
+ 50— u/L) Thtl = Tk = T (gk;+1 )H <0,
19 =E o [llgh)s — df” = Clgy — d5fIP] = B o [l — dIP] <0, v,
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where i € [n], vgp21 = 1, and where A\gp2: is defined as

Ve 16Lpy/e
Appzr = ————— (1 = v€e)(L —p) + (1 + L—p)?4+ —2¥
Summing the inequalities with their multipliers, the following algebraic identity holds:
Newan Y (15 +15%) + v 3 1E) = Buy V(E41)] = pV(E) + S, ™
i=1 i=1
where the residual S is a sum of squares defined as
S = naSmean + cSvar + (,0 - 6)Smix»
with the components
o1 2
o 1= i+ L (e + Diss — (o+ D]
n . . 2
Suri= D [0y = ges) = (9" = 0|
i=1
Shix = Z (dg) —dy) + 7(91(3- — Jk+1) — (9/(;) —aK)|
i=1 p=e p=e
where g := 13" g() andd := L 3" | d® denote the averages, and the coefficients are given by

o 9 LH’ . n)\EFQI L+H o )‘Ele €p
a~—P—€+)\EF2177 m, b.— 2 ~L7_’u7 C-—L_'u p_e'

Note that the positivity of a is guaranteed for n*, as noted in the single-agent proof in (Berg Thomsen et al., 2025). To see
thatc > 0, set ¢ := \/(1—|— Vey2+ EELJL\)G andu :=1—+/e+t(sou > 2). Then

\/g
(L +p)?

(L—p)(p—ec=ax(u—2)2+ai(u—2)+ [(1+Ve+e) (L —p)®+4veLp],

with ao,a; > 0, hence ¢ > 0.

Since Agp21 > 0, the weighted sum of inequalities (LHS of (7)) is nonpositive. The statement now follows by plugging in
n = n* and p = p, and checking that all coefficients in (7) are nonnegative.

To show tightness of the bound, consider the case where all agents have the same objective function f(?) = f. Initialize dél) =
do = C(V f(z0);wo) and assume identical compression realizations. Then d,(;) = dy, for all k, and the algorithm updates
match the single-agent EF2!. The single-agent tight lower bound thus limits the multi-agent performance. Furthermore,
since this scenario is a worst-case instance, the optimal step size for the single-agent setting is also worst-case optimal for
the multi-agent setting. In particular, since the dynamics of the identical-functions case are invariant to the number of agents
n, the worst-case optimal step size must also be independent of 7.

The optimality and multi-step tightness of the Lyapunov function follow from the theory of linear dynamical systems. For
the methods and function classes considered, the worst-case contraction is governed by the spectral radius of the iteration
matrix on quadratic instances. The class of candidate Lyapunov functions matches this spectral behavior, ensuring that the
single-step analysis is optimal and remains tight over multiple iterations (i.e., Vj, < p*V is achievable). O

A.3. Proof of Corollary 3.2

Corollary 3.2. Let € € [0, 1) and assume that the compression operator C satisfies Assumption 1.1 and is deterministic,
additive, and positively homogeneous (so C(x +y) = C(x) 4+ C(y) and C(ax) = aC(x) for all o > 0). Let f € F i) e
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foreach i € [n], and define

Let the step size be given by

Then the Lyapunov function
Viin (65721 3 £) = Vellgll® + llg — di
satisfies

Ew [V]in(55£%1,$k+1;f)] S Px - Ew [Vlin( EFQlaxk;f)] )

where g, = 251" VO (xy), dp = 23T dl(f), and the rate p, is given by (6) with k = K.

Proof. Recall f(z) := 13" | @) (z), and denote g, := V f(z)) = 231" | V@ (x}). Since each ) is L(V)-smooth

and (9 -strongly convex, f is L-smooth and ji-strongly convex with L = % > L® and fi = %L > 1), Consequently, the
standard interpolation (cocoercivity) inequalities for J; 1 apply directly to gx and gr.y1.

The averaged dynamics satisfy
Tpy1 = T — Ndg,
and, due to additivity and positive homogeneity of C,

n

= 1~ 1 i i i
TN YRS YT )
i=1

=1
- IR ; _ B _
=dy, +C<n Z (gz(w)d - dl(c)>> = dk + C(Gr+1 — dk).
=1

Therefore, the barred variables evolve as a single-agent EF2! instance on f with parameters (i, L). The conclusion follows
by applying Theorems 1-2 in Berg Thomsen et al. (2025) to this averaged single-agent instance. The optimal step size and
rate are obtained by substituting ky, = L/[i = > L®/ > 1 into (6). Theorem 3 in Richtdrik et al. (2021) establishes
that EF and EF?! are equivalent under deterministic, additive, positively homogeneous compressors, so the same rate
applies to EF. O

A.4. Proof of Theorem 3.4

Theorem 3.4. Let € € [0,1) and assume that the compression operator C satisfies Assumption 1.1. Let f QNS Fu,rL for
each i € [n], and assume Assumption 3.3.

Let the step size be given by n* as defined in (4). Then, the Lyapunov function

i=1

2
1 . ;
V(P s f) = + Z lxx — s — eg)”l
e i=1

is optimal and satisfies
p*(EF) = P

where p, is defined in (6). Finally, the step size in (4) is worst-case optimal for EF: within the candidate Lyapunov class
based on fEF, it achieves the minimal worst-case one-step contraction factor, p, in (6). This bound is also multi-step tight,
meaning that after k iterations the worst-case contraction equals p’j.
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Proof. The proof of the announced convergence rate follows. Algorithm 1 can be rewritten as

1< i i i ; i
xk+1=wk—g2mi)7 esly = e +nV O ) —m(,
i=1
where mg) = C(e,(f) + VO (2y);w @ )) Consider the following inequalities:
1 ) (% i * 1 i
1) = O () — fO(@) — (V7O (i), a — o)+ o [V ()

2 : AEF

Y U P R v 10 <
+2(1—M/L) Tk —T LVf (zx)]| <0,
, . 1 .
2 = f0@) = £ () + 5 195 (@)
i 1 2 : AEF
+ o || VY| <0,
2(1 —p/L)
19 = o [Ilef1112] = (= OB o [lef” +ngl” 2] — B o [IC(e” +ngl )] <0, v,
where i € [n], vgr = 1/+/€, and AgF is defined as
n 16Lpy/€
AEF = 1-— L— 1 L—p)2+ —Fr=.
BF = T [( Ve) (L — ) + ( +\ﬁ)\/( )2 + e
Summing these inequalities with their multipliers yields the algebraic identity:
)\EFZ 212 +I(1 2 +VEFZI V(&rt1)] = pV (&) + 5
where the residual S is given by
S = naSmean + Svar + (P - \ﬁ)smix + (VEF - ]-)Smix—compa
with the components
-t 2ve-1)_ |’
Smean = ||€k — T — %)+ ’
F a (k ) a(L + p) Ik
n ) 2
Svar = Z Hg](;) - gk‘ ’
i=1
g . i gy V0 g)Q
mix = —Ck) — — 9k 3
ol B p—Ve
Sisccomp = Y Bus, [ 10061 +mgis0”) = = 3~ €l +mg o)1

Here é, gx denote averages. As in the single-agent proof, the positivity of p — /€ (hence a) for n* follows directly from

the single-agent analysis. Let s := /e and ¢ := \/(L — )2+ (lffs“)i This also gives vgr — 1 = =% > 0, and

_ 20— $)((1=s)(L—p)+ (1 +s)t)
(1+8)?(L — p)(L + p)?

> 0.

To show tightness of the bound, consider the case where all agents have the same objective function f(9) = f. With
initialization eél) = ep = 0 and identical compression realizations, eg) = ey, for all k, and the algorithm updates match
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the single-agent EF'. The single-agent tight lower bound thus limits the multi-agent performance. Furthermore, since this
scenario is a worst-case instance, the optimal step size for the single-agent setting is also particular, since the dynamics of the
identical-functions case are invariant to the number of agents n, the worst-case optimal step size must also be independent
of n.

The optimality of the Lyapunov function and tightness over multiple iterations follow from the same argument as in the
proof of Theorem 3.1. O
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p=c — Root 1 —— Root 2 Root 3

‘/ﬁQ:l} ‘,‘62=10‘ ] \Kg=100‘
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€ € €

Figure 2. Bifurcation plot of the three roots of the cubic polynomial in Empirical Law 4.3 as ¢ varies. Parameters are L) = L(® = 1,
pM =0.9,and 1@ € {1,0.1,0.01} from left to right.

B. Additional Experiments

Figure 2 contains plots of the roots of the cubic polynomial defined in Empirical Law 4.3. None of the roots appears to have
a directly identifiable closed form.
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C. Verification Details

Validation of the empirical laws was performed using the Performance Estimation Problem (PEP) framework (Drori, 2014;
Taylor et al., 2017b). The verifications follow the SDP-based Lyapunov identification techniques of Taylor et al. (2018);
Upadhyaya et al. (2025), implemented in Python using the PEP it library (Goujaud et al., 2024), with LMIs solved by
MOSEK (ApS, 2025). Unless stated otherwise, the parameter grid uses 10 linearly spaced values for e € [0.05,0.95],
L™ € {1,10,100}, and £ € {2,10,100}, with n € {2, 3}. To test tightness or optimality, we generally check feasibility
at an improved target rate pi,p = 0.99p; any feasible point yielding a strict improvement is recorded as a failure. No such
failures were found in any of the experiments below.

C.1. Verification of Optimal Step Size (Empirical Law 4.1)

For each configuration, the theoretical step size n7* is computed and the corresponding rate py, is obtained by bisection on
the Lyapunov LMI (full EF2! class). This rate is also checked for feasibility in the EF LMI. If n* < 102, the instance
is skipped to avoid numerical issues. To test optimality, a grid of 20 step sizes over [Nmin, 212/ >, (L® + p()] with
Nmin = 1072 is scanned. For each candidate 7, feasibility is checked at pimp = 0.99 piy, for both EF and EF?!. Due to
the large number of configurations, redundant combinations of parameters (1), L(®), k(")) are skipped, which is without
loss-of-generality due to agent symmetry.

C.2. Verification of Lyapunov Function Structure (Empirical Law 4.2)

At n*, PEPit is used to compute the worst-case rate psimp restricted to the simplified Lyapunov structure in Empirical
Law 4.2. An improved target pimp, = 0.99 pgimp is then tested against the full Lyapunov class using the LMI feasibility
oracle.

C.3. Verification of n = 2 Rate (Empirical Law 4.3)

For n = 2 only, the candidate rate p, is taken as the largest real root of the cubic in Empirical Law 4.3 and the step size is
set to *. Feasibility at (p,, n*) is checked for EF?! and for EF using the Lyapunov LML. If the EF?! LMI fails, a fallback
check compares p, to the simplified Lyapunov rate computed by PEPit and accepts if it is within 10~%. To test tightness, an
improved target pimp = 0.99 p, is attempted.

C4. Verification of EControl Tuning (Empirical Law 4.4)

For each configuration, the tuning (1,7) = (0, Yycontro1) 18 €valuated by computing the best feasible rate p, via bisection
on the EControl Lyapunov LMI. An improved target pimp, = 0.99 p, is then tested over a 10 x 10 grid with €
0,20/ 3 (LD + )] and v € [1072,2n/ >~,(L® + p@)]. Only n = 2 was considered due to the computational cost
of the experiment.
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